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Abstract

Explicit solutions of the non-constant semi-dynamical reflection equation are
constructed, together with suitable parametrizations of their structure matrices.
Considering the semi-dynamical reflection equation with rational non-constant
Arutyunov—Chekhov—Frolov structure matrices, and a specific meromorphic
ansatz, it is found that only two sets of the previously found constant solutions
are extendible to the non-constant case. In order to simplify future constructions
of spin-chain Hamiltonians, a parametrization procedure is applied explicitly
to all elements of the semi-dynamical reflection equation available. Interesting
expressions for ‘twists’ and R-matrices entering the parametrization procedure
are found. In particular, some expressions for the R-matrices seem to appear
here for the first time. In addition, a new set of consistent structure matrices
for the semi-dynamical reflection equation is obtained.

PACS numbers: 02.20.Uw, 02.30.1k, 75.10.Pq
Mathematics Subject Classification: 08.A, 47N50, 47L90

1. Introduction

Dynamical extensions of Sklyanin-type quantum reflection algebras [1-3] have been
introduced and quite extensively studied in recent years [4, 5]. The so-called semi-dynamical
reflection algebra, exemplified in [4], was formulated generically in [5] and later used as
a basic algebraic structure to yield formal spin-chain quantum integrable Hamiltonians [6].
Generic consistent parametrizations of its matrices were then proposed in [7], leading to
remarkably simplified factorized formulas for the generating monodromy matrices. Together
with the classification of scalar (non-operatorial) solutions K to the specific semi-dynamical
reflection equation (SDRE), started in [8] for the constant case, this procedure is expected
to lead to new, fully explicit, spin-chain Ruijsenaar—Schneider (RS) type Hamiltonians. The
results presented in this paper represent another step in this direction. Explicit resolutions
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of the parametrization described in [7], together with the subsequent partial classifications of
non-constant scalar K solutions will be given. Indeed, the construction of tractable (i.e. locally
interacting) spin-chain type Hamiltonians, contrary to the pure N-body system Hamiltonians,
requires a priori the consideration of non-constant, spectral parameter-dependent solutions
[1]. In this context, the parametrization proposed in [7] considerably simplifies the form of
the relevant monodromy matrices, and therefore it is a key ingredient to explicitly build the
Hamiltonians.

The SDRE is a quadratic constraint equation for generators of a quantum algebra
G encapsulated into the matrix K. Such a constraint is represented as an equation in
End(i/) ® End(U/) where U is a given vector space known as the auxiliary space. This
space can be a finite-dimensional space V or a loop space V ® C[u]. The general form of the
SDRE considered in this paper is
A, v; M) K (u; 1) Bia(v; 1) Ko (03 A+ y i)

= Ko(v; M) Cro(u; MKy (u; A+ yho) Dia(u — v3 ), (1.1

where A, B, C and D are C-number matrices known as structure matrices. All elements
appearing in (1.1) depend on a set of complex variables, collectively denoted as A = {A;,i =
1, ..., n}and known as dynamical variables. If the auxiliary space is a loop space, there is also
a spectral parameter dependence in A, B, C, D, K represented by the complex variables u and
v. Note that the matrix D may have a more general dependence in the spectral parameters, such
as A, but this leads to subsequent difficulties when deriving the commuting Hamiltonians [7].
The dynamical variables {A;} are interpreted as coordinates on the dual h* of an n-dimensional
Abelian subalgebra h of a simple Lie algebra g.

Givenabasish = {h',i = 1,...,n} of h* (with {h;,i = 1, ..., n} basisin h), and setting
L =", Ak, itis possible to define formally

f+yh)=ePf()e 7P, D= hid,. (1.2)
i=1

where f(A) is a differentiable function on h* and the auxiliary space U is assumed to be a
diagonalizable irreducible module of h. In order to simplify the notation, it will often be set
fh)y = fi+yh).
The structure matrices are supposed to satisfy the following zero-weight conditions:
[h; ® 1, B;2] =0, [1 ®hi, C12] =0, [hi @1+ 1 ®h;, Di2] =0,
i=1,...,n. (1.3)
Moreover, the assumed associativity of the semi-dynamical reflection algebra G yields, as
sufficient consistency conditions, that the structure matrices obey a set of YB-like equations
[5]. Such equations have been reformulated in [7] to take into account certain freedom
enjoyed by the structure matrices due to the form-invariance of the SDRE (1.1) under
suitable transformations. In fact, multiplying the left-hand side of equation (1.1) by (g ® 1),
where g is an automorphism of the auxiliary space U, leads to an equivalent—though with a
different definition of structure matrices—formulation of the exchange relations satisfied by
the generators of the algebra G, which are encapsulated into the unmodified matrix K. Taking
into account this property, the YB-like consistency equations can be written as

a AnA* Ay = Ap® A3A %,

b ApCi3® Cp3 = C3* C13A12(h3)%8,
D12B13By3(h1)® = By B13(h2)* D2,
D12(h3) D13D23(h1) = D23 Di3(ha) Dia,

(1.4)

[g]

(=%



J. Phys. A: Math. Theor. 41 (2008) 194001 J Avan and C Zambon

where
M%¢ = gi1gaMiagy ey, M = giMigy ', M% = gaMpgy ', (1.5)

and g is the automorphism of the auxiliary space. Note that (1.4-d) is the Gervais—Neveu—
Felder (GNF) equation [9], and it is unmodified by this extension. In addition, for consistency
conditions, Biy = C»;.

In this paper, only the sets of matrices A, B, C, D for which there exist scalar invertible
solutions K to (1.1) will be taken into account. At present, only one of these sets is known,
namely the Arutyunov—Chekhov—Frolov (ACF) solution [4], which is associated with the RS
models based on the Lie algebra data gl/(n) [10]. In this case, the structure matrices obey
the generalized YB set of equations (1.4) where the automorphism g represents a shift in the
spectral parameter u as g = exp (—y %). In the limit of non-spectral parameter dependence,
the automorphism reduces to g = 1. For this set of matrices A, B, C, D, the auxiliary space
U is a finite-dimensional loop space V ® C[u] with V = C" and h is the Cartan subalgebra
of the Lie algebra gl(n). As a consequence, for the matrix K in (1.1), the definition (1.2)
translates into

Kyh) =) " h; @ K(A; +y). (1.6)
j=1
Givenabasis{e;,i =1,...,n}of V,e;; = ¢; ®e; (withe;; = h;) represents the usual matrix
basis and the rational ACF structure matrices read [4]
IS 14 14
Apu,v;l) =A5M0) + dip+ =bip — by, 1.7)
(u—v) v (w+y)
14
Bia(v; M) = By (A) — b1z, Cia(u; A) = By (v; A), (1.8)
w+y)
o0 V
Dip(u —v; X)) = D5 (A) + ———d, (1.9)
(u —v)
with
AW =1@ 1+ Y xijlei —eif) ® (ej; — eji), (1.10)
ij=1
BRO)=1@1+ Y yije;; ® (eii — €ij): Cis() =By, (1.11)
itj=1
DM =11+ Z xij(eij @ eji — e @ ejj), (1.12)
ij=1
and
dip = Zeij®eji» by = Z%@eﬁ, cip = by,
ij=1 ij=1 (1.13)
_ 14 _Y _ 14 _ 14
Xij= ——F—< =", Yij = = :
(i —Aj) Ay Qi—=2;—vy)  Qij—v)

The matrices (1.10)—(1.12) will be denoted as rational ‘constant” ACF matrices because they
do not depend on the spectral parameter. Similarly, matrices (1.7)—(1.9) will be called non-
constant ACF matrices. They exhibit spectral parameter dependence and reduce to the previous
set (1.10)—(1.12) in the limit u#, v, (u — v) —> oo.
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The parametrization procedure proposed in [7] makes use of quantum group-like objects
such as R-matrices and Drinfeld’s twists for building the A, B, C, D and K matrices. It allows
us to simplify significantly the expressions for the monodromy matrices found previously [6],
and therefore to facilitate the explicit construction of integrable spin-chain Hamiltonians.

The purpose of the present paper is to provide explicit realizations of the parametrization
procedure proposed in [7] making use of the specific matrices D available in (1.9) and (1.12),
and to classify, at least partially, non-constant solutions K of the SDRE. The first part of the
paper is focused on the search of solutions of equation (1.1) using the structure matrices (1.7)—
(1.9). The final aim is to extend the results obtained in [8] for the rational constant structure
matrices (1.10)—(1.12) to the case with spectral parameter dependence. The second part of the
paper will be devoted to the parametrization procedure for which three distinct situations will
be considered. Making use of the ACF set of structure matrices, the parametrization procedure
will be applied first to the simpler case g = 1 and later to the more complicated situation in
which g = exp (—y %). Finally, adopting an alternative parametrization for matrices D in
(1.12) and (1.9), which is provided in [11], it will be shown how the parametrization procedure
leads to an alternative set of solutions of equations (1.4), namely to new structure matrices
A, B, C. Full analysis of the SDRE built by these matrices will be left to further studies,
even if some information concerning the solutions of this equation can be deduced making use
of the parametrization procedure. It should be emphasized that the existence of this new set
of structure matrices relies on the availability of distinct de-twisting procedures for a single
D-matrix. In fact, from [7] a set of consistent structure matrices A, B, C, D is provided as
soon as a D-matrix is chosen and a particular cocycle twist-like formulation of D is specified.
Further remarks concerning this point will be added later.

2. Solutions of the non-constant rational SDRE

In this section, making use of the rational ACF set of solutions for the equations (1.4), the
problem of discovering and classifying the matrices K solving the SDRE will be addressed.
In [8], as it was pointed out before, this problem has already been tackled in the case of no
spectral parameter dependence. Four sets of solutions were identified, namely

f+hipr vV

f+)\.j at) )\ja,

la  KF()=

n )/ n
Ia Kgé(x):(f—Aij)]"[kja, Aij = ha—(hi+1))
7 o @.1)
f+A; Y
Ib K70 = : —, A= Ag — (A
gy f+AigA,~a ; (A)

o [T
b KY() = f—xi-l_[(H

ja;éj )

where f is a y-periodic function on each dynamical variable. All other solutions can be
obtained from these sets by multiplying the K-matrix on the right by a diagonal matrix N;; (L)
satisfying the following flatness condition:

f
Aa

Nii(MNjj(A+yh;) = Njj(MN;;(A+vh)). (2.2)
In particular, the matrix N;; = 0, N;; = 1,i # j allows us to obtain a matrix K with the entries
Kij =0,k =1,...,n. In this case, the periodicity condition on the dynamical variable A ;

4
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for the function f is omitted. It can be noted that for n = 2 solutions (2.1-Ia) and (2.1-I1a)
collapse to (2.1-Ib) and (2.1-IIb), respectively. Moreover, the only invertible matrices are
represented by solutions (2.1-IIb), since matrices (2.1-Ia) and (2.1-Ib) have rank 1 while
matrices (2.1-IIa) have rank 2. Finally, note that in the limit f — O solutions (2.1-IIb)
reduce to the trivial solution 1.

The classification of the matrices K solving the SDRE will now be extended to the case
with spectral parameter dependence. In order to simplify the notation, the explicit dependence
on the dynamical variables will be omitted in what follows. Because of the particular form of
the structure matrices, and without making any assumption on the unknown matrices K, the
SDRE (1.1) can be rewritten in a more appealing form as

14
(u —v)
= (Ka()Cr2(u) K (u; hy) — Ko(u)Ci2(v) Ky (v hz))(

<A12(M,U) - d12) Ki(u)Bi2(v) K2 (v; hy)

14
U —v)
+ K> (v)Cra(u) Ky (u; ho) DY;. (2.3)

diz

The advantage of this formulation is to gather together in a more compact way the terms
proportional to the factor 1/(u — v). Then, the following ansatz for the matrix K will be used

N
1
K=Y (Z) kD), KO = K®(0). 2.4)
=
This expansion in powers of 1/u represents a natural extension, as rational function, of the
solutions (2.1) to which it reduces in the limit #« —> oco. Note that in (2.4) the location of the
poles at u = 0 is just a matter of choice. Multiplying such an ansatz by

N u 1
()

=1

allows us to obtain an equivalent ansatz with the poles shifted at u = uy. Reciprocally, given
any matrix K with a finite set of poles, it can always be brought back to the form (2.4) by a
suitable multiplicative factor like (2.5).

Once (2.4) is plugged into the expression (2.3), it is noted that all terms coming from
the second line, and proportional to 1/(# — v) can be combined together in such a way to
eliminate completely this factor. For instance,

1 |: 1 1 i| _ y 2.6)

(u—v) Lvu+y) B u(v+y) uv(+y)w+y)’
Then, using the property
1ok’ biok (hy) = K 1ok " (ha)dya, 1=0,1,...,N 2.7)

some simplifications can be performed amongst terms coming from the first and the second
lines of (2.3). The remaining terms must be treated with care. First of all, the powers
of the spectral parameters appearing in each term must be reduced as much as possible by
decomposition in prime elements. Finally, making use of the property

(A% — ) 1ok b1k (hy) = 0, 1=0,1,....,N (2.8)

and the reduction explained above, further simplifications are possible. The expression
obtained splits into several relations, each of them gathering algebraically independent terms.
They represents constraints for the elements of the matrices k", which must be analyzed
carefully by projecting them onto the matrix elements (e;; ® ex)i, j, k, I =1,...,n.
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Starting with the simplest ansatz for the matrices K, namely the expression (2.4) with
I = 1, the expression (2.3) translates into eight relations, namely

ASEY B (hy) = kK 5k (hy) DS, (2.9)
biak{” (B* — b)12ky” (1) = 0, (2.10)

biak("V(B* — b) 1ok () = 0,
(A% = ki BiSky () — k(€™ = &)1k} (h2) DY

+E2(C® — kY () dia + (b — d)ok!” (B® — b)12ky” (h1) = 0,
(A% — )1k U BSKY (1) — K2(C® = )10k {V (h2) DS = 0,

@2.11)

a k™ — k) BEE () — K e — k@), (h) DY =0,
b k™ — k@) (B = b) k5" (h) — k5 ek — k@) () (DS — d),, =0, (2.12)
¢ ASKOBIKL (hy) — kP CSk (hy) DS + b1ak (B® — b) 1,k (hy) = 0.

Equation (2.9), which involves only the matrix k¥, has already been investigated and its
solutions have been listed in (2.1) (k@ = K*). All other eight relations incorporate both
k© and k' matrices. When they are analyzed, one discovers that (2.10) represents a strong
constraint for the matrix k().

Consider first the case when k) has no zero entry, then expression (2.10) states the
following:

k) =k, i#k=1,...,n. (2.13)

As a consequence the relations (2.11) become identities and only the three relations (2.12)
remain to be investigated. For instance, (2.12-a) allows us to establish whether the sets of
solutions listed in (2.1) can be extended or not, and to specify the form of the extensions.
Provided k" has no zero entry, it turns out that (2.1-Ia) and (2.1)—(IIa) are not extendable
to a first-order solution k(. In contrast, the solutions (2.1-Ib) and (2.1-IIb) can be uniquely
extended as follows:

o N v ZN
Ib Kij(u,x>—(f+A,><f+A[ u)]‘[(k ) A,—;Aa M),

| 1 ?ﬁj ja = (2.14)
IIb K;j(u; 1) = f <f — Aij N ;)g ()M.ja ¥ 1).

The constraints provided by expressions (2.12-b) and (2.12-c¢) are automatically satisfied by
the sets of solutions (2.14). Note that solution (2.14-IIb) with constant f coincides with the
solution found by ACF in [4]. Moreover, it can be shown that allowing a column in the matrix
k™ to be zero, constraints (2.12) force all elements of the corresponding column in k® to be
identical. However, this can only happen provided these elements are equal to zero, which is
not allowed by the starting hypothesis. Then, the case k) with no zero entry is completely
covered.

Consider now the case when k© has a zero entry, and therefore the whole column is zero,
as established in [8]. Solutions K> = k© with one or more zero-columns can be obtained by
performing suitable simple transformations on the full solutions (2.1), and this then builds the
whole set of constant solutions. Here similar results can be established. Assuming ¥ has a

6
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column set to zero, the corresponding column in kD is forced to be zero as well. Therefore,
it is possible to conclude that solutions K with columns set to zero are possible, and they are
obtained by setting to zero one or several columns of solutions (2.14), since the specific form
of nonzero columns does not depend on the existence of other zero-columns. Finally, it can
be noted that the limit f — 0 in (2.14-IIb) provides again the solution 1 where the spectral
parameter does not appear. However, such a solution can be extended in a way to include a
spectral parameter dependence as follows
f/

K(u;k)=ﬂ<1+7), (2.15)
where f’ is any function y-periodic on each dynamical variable.

Attempts to find alternative solutions by truncating the expansion (2.4) to orders higher
than [ = 1 proved to be unsuccessful. First of all, it is possible to show that to the order
| = 2 the ansatz (2.4) with k¥ and k() given by (2.14) is not a solution of the set of equations
coming from expression (2.3), unless k® = 0. Therefore, the only way out is to reconsider
the situation with both matrices k"’ and k® unknown. In fact, the relation (2.9) is the only
constraint which emerged unaltered by using the ansatz (2.4) for a generic order I. All other
relations stemming from (2.3) depend on the order of the ansatz (2.4) chosen. For the order
[ = 2 this possibility has been analyzed in detail for the two solutions (2.1-Ia) and (2.1-IIb).
It is found that no non-trivial extensions matching the ansatz (2.4) with [ = 2 are allowed.
This lack of success for the ansatz (2.4) with [ = 2 suggests similar conclusions also hold for
an ansatz with a higher value of /.

3. The parametrization procedure for the elements of the SDRE

In this section, the principal formulas of the parametrization proposed in [7] and obtained
by solving equations (1.4) will be summarized. In what follows, the dependence of spectral
parameters and dynamical variables is implicit. When a quantity is non-dynamical it will be
clearly stated. It is also assumed, as usual, that matrices A, B, C, D are invertible.

First, equation (1.4-c) together with the fact that B is a space-1 zero weight matrix, allows
us to establish the existence of an invertible (n x n) matrix b such that

By = Cyy = b, 'br%(hy). (3.1

This parametrization for the matrix B, by means of equation (1.4-b), allows us to prove the
existence of a quasi non-dynamical R-matrix such that

Ay = by (02%) ' R1a(b1)8bs. (3.2)

The R-matrix appearing in (3.2) is said to be quasi non-dynamical since the occurrence of the
automorphism g in (1.4-b) leads to the following constraint:

Ri» = R12% (h3). (3.3)

As a consequence
n
Ry, = (e—;(logg|+loggz))R?z(e;(loggwloggz))’ o = Z)‘k (3.4)
k=1

where the matrix R°, by means of equation (1.4-a), is proved to be a non-dynamical solution
of the following g-deformed YBE

0 po 0 0 0 po
R12R13ggR23 = R23ggR13R12gg‘ (3.5

7
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Finally, the matrix D is assumed to be decomposable as

Di> = q; ' (h)g; ' Ringiga (), (3.6)

where R is also of the form (3.4). It should be pointed out that all constant D-matrices of weak
Hecke type [12] associated with a Lie algebra g = gl(n) (n > 2) admit such a decomposition
[13] with g = 1. This result was recently extended to the affine (trigonometric) dynamical
R-matrices [14]. Such decompositions were already known in a number of cases (see for
example [11, 16]). Indeed, they characterize the matrix D as representation of a particular
(cocycle) Drinfeld’s twist [17] acting on a universal R-matrix, to yield a quasi-Hopf algebra
structure. Note that one can show immediately the following proposition [18].

Proposition 3.1. If R obeys the YBE (3.5), and D, which is constructed from R as (3.4) and
(3.6) for some q, is a zero-weight matrix, namely [h; 1 + 1 ® h;, D1;] =0fori =1,...,n,
then D obeys the GNF equation. In other words, the zero-weight condition is sufficient in the
cocycle formulation (3.6).

Using parametrization (3.1)—(3.6) for structure matrices, one finds a consistent (sufficient)
parametrization for the scalar solutions K of the corresponding SDRE. In particular, one finds
as a solution

K =% 0q, (3.7
where Q solves
R12019102(h)q; " = 02201 (h2)g5 ' Ria. (3.8)

Since in all situations analyzed in the present paper K = 1is a solution of the SDRE, it is easily
shown that one can choose R = R and ¢ = b¥% in (3.6). Therefore, consider the following
parametrization for the matrix D

Diy = (01%) ™ (1) (b2%) ' Rizbi b2 (). 3.9
If O is searched for as quasi non-dynamical, namely

Q =e 7880y loeg (3.10)
with Q° non-dynamical, then (3.8) simplifies to the following modified YB-like equation'

R}, 0087 ' 092, = 0%¢7' 021 RY,. (3.11)

This description emphasizes that a systematic scheme to build A, B, C, D structure matrices
arises. Indeed, starting from a given D-matrix, with a specific decomposition (3.6) yielding
an R-matrix (R = R) with a quasi non-dynamical property (3.3) such that the associated
non-dynamical matrix R obeys a g-deformed YB equation (3.5), one has all the ingredients—
namely R, b and g—to consistently build the remaining A, B, C matrices. At this stage it is
worth recalling that non-scalar, operatorial solutions to the SDRE can also be obtained from
(3.11) and (3.7). In fact, it is remarkably simple to prove the transfer matrix formula for the
SDRE, such as obtained in [5], when it is expressed under a factorized form (see [7]). Indeed,
it is possible to show the general ‘dynamization of trace’ as follows:

Proposition 3.2. Suppose Q° is a non-dynamical representation, for instance a monodromy
matrix, of (3.11) for a given R-matrix R®, and suppose b is a dynamical matrix in End (U)
such that Dy, = bfl (hz)b;1 R(,)2b1b2 (hy) is zero-weight (we recall that the auxilliary space is
U = v ® Clul, and we take g = 1 for simplicity).

[Try Q°(w), Try Q°(v)] = 0,

! Note that a more general situation is represented by replacing g with g in (3.10) and (3.11) provided [g, ] = 0.

8
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It is then possible to construct a dynamical transfer matrix t° = (b= Q% e%) such that
[Try°(u), Tryt°(v)] = 0.

Proof. It is simple, provided the following technical tricks are used:
(a) for any three operators M, N3, O, not containing e%
Trio(M; " N;0;e*) = Trp(Na(h) My e” 05 e”),
(b) for any zero-weight C-number matrix D), and any operator O}, not containing e
Trio(D1O1 Dy, e *?)) = Trip(01e ™) 2

Therefore, dynamical trace formula 7° seems to be the one-space counterpart of the
dynamical cocycle formula (3.6). 0

3.1. Parametrization for the ACF rational constant matrices

The parametrization procedure will first be applied as an exercise to the structure matrices
(1.10)—(1.12). In this case, the auxiliary space U reduces to a finite-dimensional vector space
Vand g = 1.

Using expression (1.11) for B, a solution b of (3.1) is

n =D
by = 1‘[ i i,j=1,...,n, (3.12)
1=aj 4

where the notation > emphasizes the independence from a spectral parameter. Note that such
a solution is not unique. In fact, alternative solutions can be obtained by multiplying each row
i of the matrix (3.12) by a function f; y-periodic on each dynamical variable. Furthermore, it
should be kept in mind that a matrix obtained by interchanging each pair of rows in (3.12) is
still a solution of (3.1).
Similarly, a non-dynamical R-matrix solving (3.2) reads
n n i—1 i—k

R® = Z (i ®ejj) +y Z Z Z(eiifk ® ejjtk—1— €jjk—1 ® €iik), (3.13)

i,j=1 i=1 k=1 j=1
which is a Cremmer—Gervais R-matrix type [19]. Note that in this rational case there is a
difference of one in the root heights, compared to the trigonometric case [13]. Clearly, in this
case R = R° = R* and the matrix R™ solves directly the ordinary YBE. The consequent
explicit parametrization of the matrix D* (3.9) in terms of the non-dynamical R*-matrix
(3.13) and the ‘twist’ matrix b* (3.12) provides a concrete example of the theorem mentioned
previously and proved in [13].

Finally, concerning the constant solutions K of the SDRE, it can be verified that their
corresponding Q = Q° matrices satisfy equation (3.10). Particularly, for solutions (2.1-IIa)
and (2.1-IIb), these matrices are non-dynamical and their expressions are particularly simple.
For them, the 0™ = Q° matrices are

Ila Qoo = (fenn +ep—11t en2)y(

i i — . 3.14
mb 0™ =1+ ) (;—»f(’_’)eir o

i>j=1

n—1)

As expected, (3.14-IIa) is a set of rank-2 matrices, while (3.14-IIb) is an invertible triangular
set of matrices. By contrast, solutions (2.1-Ia) and (2.1-Ib) cannot be de-dynamized by (3.7).

2 Two cases of this ‘dynamical cyclicity’ appear in [5].
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3.2. Parametrization for the ACF rational non-constant matrices

In this situation, the structure matrices (1.7)—(1.9) are solutions of equation (1.4) with
g = exp (—y %). The parametrization presented formally in section (3) is still available,
even if it appears to be a little more cumbersome. The ‘twist’ b matrix is chosen as

b=[1 by =[] Rty
Y adt) )"ja ’ " oy kja(o +u+ f())
j=1,...,n, i=1,...,n—1, (3.15)

where fj is a function of (o +u). For simplicity, from now on, it will be taken to be a constant.
Note that the spectral parameter dependence is limited to one single row of the matrix. Even
this time this solution is not unique. Instead, the R-matrix reads

n—1
+U+ Yu—vy+
R=<l+ 4 )Zeii®eii+<l+ 4 )(U v+ fo)lo+u—y fo)enn®enn
u—v

P u—v) (c+u+ fo)lo+v—y+ fo)

! (@ +v+ fo) (0 +u—y+ fo) b
+) e ®ej;+ —OZe,,@wnn — N e @

- (C+v—y+ fy) “ (0+u+fo) =
(0 +u+y) 2 (o +v) —
+ e; e - Ciitk— eji_
y(a+u+fo)k2;2 ii—k & Ji+k—1 — (U+U_]/+f0) ey Jj+k 1 ® eii—
J ==
n—1i—-1 i—k
+)/Z Z(ezz k®e”+k 1 — €jj+k— l®ell k)+< >Z ell®ejl
i=1 k=1 j=1 i#j=1
—1 n—1
v\ @ Hu—y+fo)x v\ (@ +v+ fo)
+ ein ey + e Qe
<u—v> (a+v—y+f0)i:Z] " " u—v (0+M+f0)§ " "
y n—1n—1-i n—1n—1-i
- i Qe —_— ekk+i ® e
(O’+I/l+f0)l 1 Z nn—i kk+i T ( +U—'}/+f0)z Z kk+i nn—i-

k=1 i=1
(3.16)

Note that the results obtained in the previous section are reproduced when the spectral
parameters goes to infinity and consequently expressions (3.15) and (3.16) reduce to (3.12)
and (3.13), respectively. As an example, for the specific case n = 2 expression (3.16) becomes

_ Y (o +v+ fo)lo+u—y+ fo)
R‘(“u—v) <611®611+(0+v—V+fo)(0+u+fo)622®622)

(o +v+ fo) (c+u—y+ fo)
—ell®622+—622®611
(c+v—y+fo) (o +u+ fo)
(o0 +v) (c+u+vy)
— — + _—
y(a+v—y+f0)e“®621 V(o+u+f0)€21®€11
ot+u—y+ o+v+
+< 4 )( 4 f0€12®€21+—foezl ®€12>- (3.17)
u—v o+v—y+fo o+u+ fo

Note that the choice fy = y enables to simplify a little this expression for the R-matrix.
As expected, and unlike the previous case, the R-matrix is still dynamical. However, in
agreement with (3.4), the dynamical dependence can indeed be eliminated and, setting fy = y,

10
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the matrix R° reads

Yy \uw+y)
ROZ ii ii — < €nmn nn
< u—v)ze B < u—v)v(u+y)e ®e

- - -1
W+y) 3 Uy
+Zeii Rejj+ > eii ® epy + Z&m@&'i

ij=1 i=1 w+y) i=1
n i—1 i—k y n—1
+y Z Z Z(eii—k ® €jjtk—1 — €jj+k—1 D €ji_) + ( — ) Z eij®eji
i=1 k=1 j=1 “-v i#j=1
n—1 n—1
u 4 (v+y)
Zezn &® i +| — €ni ® €in
u—vj/ o —v/) (u+y) =

n—1 n—1—i

n—1n—1-i
Z Z enn—i & ekk+i +_Z Z ekk+i ® €np—i- (318)
i=l k=

i=1 k=1

m+y)

It should be noted that this R-matrix does depend on the two spectral parameters u and v
independently and not only through their difference. This represents a novelty with respect to
the R-matrices which are solutions of the standard YBE, which usually depend on the spectral
parameters only through their difference. Using (3.15) and (3.16), a parametrization for the
D-matrix in line with (3.9) is realized. It represents an interesting example of decomposition
for non-constant D-matrices.

Again, the matrix Q (3.7) for the set of solutions (2.14) can be calculated. For instance,
the Q matrices for the invertible solutions (2.14-IIb), which do depend on the dynamical
variables, are given by the following triangular matrices

(n—1) f (n—1) i1 M.
IIb ii - an T . . W= ij + Y nj»
0= et ( >e Z<l—1)f DT uturo —y+ f) ™

i>j=1
(3.19)
with
Ry n—1 n
R (n—j) _ (n—j+1) _)(n—j+D .
Mm_.z:(n_j>f u(u +0) <n_j+1)f u+(—) nfE:IIM,
j=1 BeLy; icp
where L,; is a set of set of indexes depending on n and j: elements B of £,; are all distinct
sets of (n — j + 1) different indexes k = 1, ..., n. It can be easily seen that (3.19) collapses to

(3.14) in the limit u — oo. This expression however does not allow for a factorization of the
dynamical shift in equation (3.8), which, therefore, cannot be simplified to the form (3.11).

4. A new set of structure matrices for the SDRE

The work by Antonov et al [11] provides an alternative parametrization for the matrix ¢ D
corresponding to the trigonometric case for which expression (1.9) is the rational limit®.
This fact suggests the possibility of using such a decomposition for finding new solutions
for the matrices A, B and C satisfying the consistency equations (1.4). More precisely, the
parametrization provided in [11] concerns the matrix "€ D’ and can be written as

S1281G2(A — yhy) = &8 (h — yhy)"ED],, Siy = d; ' Siads, 4.1)

3 Note that recently, all these parametrizations received a universal description in [14].
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with
n .
- sinh(s +
wpp 3 [, o,
oyl sinh(s)

sinh(y) sinh(s + A;}) . sinh(A;; — )
eijej+ ————"———
sinh(s) sinh(A;;) 7~ sinh(%;;)

eii ® €jj] 4.2)

S i Sinh(s + )/) ®
= — € Qe
12 B sinh(s)
i#j=1
inh
N sin (y)e

SQU=)nsign(=)/ng . @ o 4 VM=) @
sinh(s) Y ! ! M

n n
+2sinh(y) Z e XD @ ejjr — Z e BNe @ €jj’

I=i<i'<j i>i'>j=1
i+j =i+ 4.3)

where s = (1 — v) and the elements of the matrices ¢ and d are
E‘jk = e2j(u+nAA)/n’ djk = ery/n(Sjk‘ (44)

The notation adopted in writing these formulas has been adapted to the present paper, and
therefore it differs slightly from the conventions used in [11]. The matrix S from [11] is non-
dynamical and depends on the spectral parameters only through their difference s. According
to Antonov et al it satisfies the YBE, and consequently, the matrix S satisfies the YBE as well,
since the following property holds

[S,d®d]=0. (4.5)

As it is, the expression (4.1) implies a parametrization for the ™€ D-matrix which does not
match the decomposition (3.6). However, it can be noted that both matrices S and "¢ D are
invariant under the following transformation:

space 1 <—> space 2, y — —y. (4.6)
This fact allows to rewrite expression (4.1) as follows

Si282, &1 (A + yhy) = &8 (A + yhy) D], 4.7
and consequently to obtain a parametrization for "¢ D in the form (3.6), namely
Sheica(h +yhy) = caci (h+ yhy)"EDyy; cj= (5;1)T j=1,2. (4.8)
It can be noted that unlike the case investigated previously in section (3.2), the automorphism
g is set equal to 1, in spite of a spectral parameter dependence. At this stage, putting in
effect the procedure sketched in section (3), it is possible to derive new matrices A, B and
C from the new set of data associated with "¢D, namely S7 = R,c = band g = 1.
For instance, one can think to obtain immediately the rational limit of the matrices ¢ and
ST, hence suitable formulations for matrices » and R (3.9), and consequently to find the
corresponding matrices B and A using expressions (3.1) and (3.2), respectively. Unfortunately,
the rational limit of matrix c, unlike the trigonometric case, leads to a matrix which is non-
invertible. An alternative possibility is first to find matrices B and A in the trigonometric
case, and subsequently to take their well-defined, non-singular rational limit consistently with

12
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equations (1.4). This last procedure turns out to be a better strategy. The new rational matrices
B and A, which will be indicated as B and A to differentiate them from the ACF matrices, are

n
B, = Zeii ® pis

i=1

4.9)
- Aik .
pi = l_[ m%* Z -V l_[ ()\ _ )e,j )
1=k ik 1=j#i 1kt j Mk (i
A - vy v
A12=Z(1+ )ell®ezz+ Z [( >6”®€” (?+)\_)elj®ejlj|
i=1 i#j=1 g
J/ i
+ Z 1_[ k(e” ®ezj el] ®eu) § = (Lt—'l)) (410)

i j=1 ki, jil#] kit

Since matrix B—called B in the present case—is known, expression (3.1) can be used to find
a suitable invertible b matrix, which, in the present case, turns out to be given by the following
expression:

ZaEI,-J» Hlea )"l
HL& j Ajk ’

where 7;; is a set depending on i and j. Each element « of Z;; is a collection of (n — i)

different indexes / # j and the total number of elements of this set is given by the binomial

coefficient (n — 1)!/(n — i)!(i — 1)!. For instance, for n = 3 (4.11) becomes is

AoA3 Aihs Aido

Aiiz Aadaz Azidx

dot+)3 ri+As Ai+ho

Ahiz A2daz Azidx . (4.12)
1 1 1

A2hiz Aadas Azidx

bij = 4.11)

oo
Il

Since matrices b and A are available, relation (3.2) can be used for computing the R-matrix
which satisfies the ordinary YBE and which is

Ry = Z (1 + %) e @ e+ Z (en' ®ejj + %eij ® eji)

i—1 itj=1
n i—1 i—k
+VZZZ(ei—ki ® €jrk—1j — Cjrh—1j  €i—ki)- (4.13)
i=1 k=1 j=1

As expected, this matrix is non-dynamical. In addition it depends on the spectral parameters
only through their difference s. It can be noted that in the limit without spectral parameter,
expression (4.13) becomes the transposed of matrix (3.13). Once again the rational
Cremmer—Gervais-type matrix R exhibits a difference of one in root heights, compared to the
trigonometric case [14]. This fact also explains why one cannot take the direct trigonometric
to rational limit in this procedure, since the underlying non-dynamical matrices are definitively
of distinct form.

None can be said about the parametrization of the solutions K of the SDRE with the
structure matrices presented in this section, since no K matrices are known yet. However, it
is interesting to see whether the parametrization procedure could provide some information
concerning these unknown solutions and act as a shortcut for finding them. Consider the

13
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situation with constant ACF structure matrices, for which the ‘twist’ is constructed from
(3.12), and consider also the parametrization for D (3.6) with the ‘twist’ built from (4.11).
Then, (3.8) becomes

R1201b1 Qa(h)bT! = 025201 (h2)by ' Rz Q0 =bKb™". (4.14)

All elements of this expression are known since the K matrices refer to solutions of the SDRE
with ACF structure matrices. The same cannot be said concerning the following expression:

R1201b1 02(h)b ' = 020201 (h2)b; ' Ria, 0 =bKb™!, (4.15)

which is obtained from the SDRE using the new set of constant structure matrices, for which
the ‘twist’ is constructed from (4.11) and the parametrization for the D-matrix is obtained
using the ‘twist’ built from (3.12). In this case the matrices K are unknown. However, (4.14)
can be manipulated in such a way to end up matching the formulation (4.15). Writing (4.14)
as

Ria[0161Qa(h)b7'] ™ = [025201(1)b5 "] 7' R, (4.16)
it can be verified that (4.15) and (4.16) coincide provided

05 (h) (b7 07 'b1) = (b7 Q1b1) Q2 (), (4.17)
and therefore

(boK5'b5 ") ()K" = Ky (baKoby ") (hy), (4.18)

which represents a relation amongst the invertible constant solutions K and K of the SDRE
with the two different sets of structure matrices. Full investigation of this equation will be left
to future studies; however, something can be said immediately concerning the simplest case,
namely n = 2. In fact, making use of the corresponding invertible set of solutions K (2.1-1Ib),
it is possible to compute

0 1
Q=<_1 fM). (4.19)

Though (4.19) is dynamical, its dependence from the dynamical variables appears through o.
This fact allows to simplify (4.18) which now reads

K[ ' (02K 'by ") (0 +y) = Ky (b2Kobs ") (hy). (4.20)

As a consequence

Pkl -4 % @.21)
= = i i '

J— + —_
Az Az

represents a set of invertible constant solutions of the SDRE for the new set of constant
matrices proposed in this section in the case n = 2. In the limit g —> 0, the solution K = 1
is obtained. More generally, when the mixed matrices Q (4.14) built from the 2 cocycles b
and b are quasi non-dynamical, K = K~ always provides a solution to the alternative SDRE.
Unfortunately, in the present case, for n > 2 the dynamical dependence of matrices Q cannot
be formulated in terms of ¢ and therefore a more careful investigation of equation (4.18) is
needed for finding matrices K .
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5. Conclusion

The purpose of this paper has been to extend previous work concerning the classification of
constant solutions of the SDRE to the non-constant case, and to provide explicit realizations
of the parametrization procedure proposed in [7] for all elements of the SDRE. During this
analysis, it has been shown how the existence of two distinct parametrizations for the D-matrix
leads to different sets of structure matrices for the SDRE, and consequently to new solutions
K for this equation. Because of the parametrization procedure, it was possible to reveal a
connection amongst invertible solutions K of the SDRE equation with the two different sets of
structure matrices available. In this context, an explicit example has been provided for the case
n = 2. Still, a full investigation of the SDRE equation is required for obtaining a classification
of the solutions K related to the new set of structure matrices. It will be interesting to see
the relationship amongst the integrable systems stemming from these solutions and the RS
models related to the ACF matrices, since all of them share the same D-matrix. In addition,
the existence, exemplified here, of several inequivalent sets of A, B, C, D matrices, which
share the same D-matrix with different de-twisting procedures (3.6), may explain why only
two sets out of four sets of constant solutions K (2.1) can be extended to the non-constant
case (2.14). In fact, besides the ACF set of structure matrices A, B, C, D used in the present
paper, there may exist another set A’, B’, C’, D with the same limit u, v, (u — v) —> 00
and different non-constant solutions K’, this time for the other two sets of K. The new set
A, B, C, D found in section (4) does not realized this scheme since R, b* are different from
R*>,b™.

Key objects of the parametrization procedure are ‘twists’ and R-matrices for which explicit
formulations are provided. Amongst the R-matrices found, it is worth pointing out matrices
(3.18), which satisfy a shifted YBE and which seem to appear here for the first time. Existence
of two decompositions of the matrix D does not contradict the uniqueness theorems in [13, 14]
since the decomposition (3.6) does not yield an R-matrix solving the Yang—Baxter equation
but its shifted extension.

Building explicit monodromy matrices and consequently N-body system or spin-chain
Hamiltonians is now feasible. Once again, it should be emphasized that in [7] it was shown
how the parametrization procedure proposed is able to extremely simplify these constructions
providing an elegant factorized form for the monodromy matrices. This is due to the possibility
of eliminating completely the quantum-space shifts of the dynamical variables, which are
present in the original formulas [6], and which make the construction of suitable monodromy
matrices particularly cumbersome.

Finally, it should be emphasized that the ACF matrices satisfying the SDRE are associated
with RS models in the bulk. In fact, the SDRE is not a reflection equation in the usual sense
and in [4] it was shown how any representation of the algebra (1.1) with the ACF structure
matrices turns into a representation of the fundamental relation SLL = LLS provided
suitable transformations are applied. This fact can be also seen as a rational and general
consequence of the parametrization procedure presented in section (3) and applied to the ACF
structure matrices. It would be interesting to study the RS models with a boundary and to find
a suitable algebra able to describe them.

Acknowledgments

CZ thanks the Centre National de la Recherche Scientifique (CNRS) for the postdoctoral
fellowship SPM 06-13, and JA thanks Universidad do Algarve for their hospitality.



J. Phys. A: Math. Theor. 41 (2008) 194001 J Avan and C Zambon

References

(1]
[2]

[3]

[4]

[3]
[6]

(7]
[8]
[9]

[10]

[11]
[12]
[13]
[14]
[15]

[16]

[17]
(18]
[19]

16

Sklyanin E K 1988 Boundary conditions for integrable quantum systems J. Phys. A: Math. Gen. 21 2375

Cherednik I 1984 Factorizing particles on a half-line and root systems Theor. Math. Phys. 61 977

Freidel L and Maillet ] M 1991 Quadratic algebras and integrable systems Phys. Lett. B 262 278

Kulish P P and Sklyanin E K 1992 The general U, [s!(2)] invariant XXZ integrable quantum spin chain J. Phys.
A: Math. Gen. 24 1435

Fan H, Hou B Y and Shi K J 1997 Integrable A»]{—l 1 IRF model with reflecting boundary conditions Mod. Phys.
Lett. A 26 1929

Donin J and Mudrov A 12002 Reflection equation twist and equivalent quantization Preprint math-QA/0204295

Donin J, Kulish P P and Mudrov A 12003 On universal solutions to reflection equation Lett. Math. Phys. 63 179
(Preprint math-QA/0210242)

Kulish P P and Mudrov A I 2004 Dynamical reflection equation Preprint math-QA/0405556

Arutyunov G E, Chekhov L O and Frolov S A 1998 R-matrix quantization of the elliptic Ruijsenaar-Schneider
model Commun. Math. Phys. 192 405 (Preprint q-alg/9612032)

Avan J, Rollet G and Nagy Z 2004 Construction of dynamical quadratic algebras Lett. Math. Phys. 67 1

Avan J and Nagy Z 2005 Spin chains from dynamical quadratic algebras J. Stat. Mech. 2 P03005 (Preprint
math.QA/050129)

Avan J and Rollet G 2007 Parametrization of semi-dynamical quantum reflection algebra J. Phys. A: Math. Gen.
40 2709 (Preprint math.QA/0611184v2)

Avan J and Rollet G 2006 Classification of the solutions of constant rational semi-dynamical reflection equations
Ann. Henri Poincaré 7 1463 (Preprint nlin.SI/0511067)

Gervais J L and Neveu A 1984 Novel triangle relations and the absence of tachyons in Liouville string field
theory Nucl. Phys. B 238 125

Felder G 1994 Conformal field theory and integrable systems associated to elliptic curves Proc. ICMP Paris
p 211 (Preprint hep-th/9407154)

Ruijsenaars S N M and Schneider H 1986 A new class of integrable systems and its relation to solitons Ann.
Phys. 170 370

Ruijsenaars S N M 1987 Complete integrability of relativistic Calogero—Moser systems Commun. Math.
Phys. 110 191

Antonov A, Hasegawa K and Zabrodin A 1997 On trigonometric interwining vectors and non-dynamical
R-matrix for the Ruijsenaars model Nucl. Phys. B 503 747 (Preprint hep.th/9704074)

Faddeev L D, Reshetikhin N Yu and Takhtajan L A 1990 Quantization of Lie groups and Lie algebras Leningrad
Math. J. 1193

Buffenoir E, Roche P and Terras V 2007 Quantum dynamical coboundary equation for finite dimensional simple
Lie algebras Adv. Math. 214 181 (Preprint math.QA/0512500)

Buffenoir E, Roche P and Terras V 2007 Universal vertex-IRF transformation for quantum affine algebras
Preprint 0707.0955v1

Avan J, Nagy Z, Doikou A and Rollet G 2005 Commuting quantum traces for quantum algebras J. Math.
Phys. 46 083516 (Preprint math.QA/0403246)

Arnaudon A, Buffenoir E, Ragoucy E and Roche Ph 1998 Universal solutions of quantum Dynamical Yang—
Baxter equations Lett. Math. Phys. 44 201

Jimbo M, Konno H, Odake S and Shiraishi J 1999 Quasi—Hopf twistors for elliptic quantum groups Transform.
Groups 4 302

Drinfeld V G 1990 Quasi-Hopf algebras Leningrad Math. J. 1 1419

Babelon O, private communication

Cremmer E and Gervais J L 1990 The quantum group structure associated with non-linearly extended Virasoro
algebras Commun. Math. Phys. 134 619


http://dx.doi.org/10.1088/0305-4470/21/10/015
http://dx.doi.org/10.1007/BF01038545
http://dx.doi.org/10.1016/0370-2693(91)91566-E
http://dx.doi.org/10.1088/0305-4470/24/8/009
http://dx.doi.org/10.1142/S0217732397001977
http://www.arxiv.org/abs/math-QA/0204295
http://dx.doi.org/10.1023/A:1024438101617
http://www.arxiv.org/abs/math-QA/0210242
http://www.arxiv.org/abs/math-QA/0405556
http://dx.doi.org/10.1007/s002200050303
http://www.arxiv.org/abs/q-alg/9612032
http://dx.doi.org/10.1023/B:MATH.0000027750.79927.a8
http://www.arxiv.org/abs/math.QA/050129
http://dx.doi.org/10.1088/1751-8113/40/11/008
http://www.arxiv.org/abs/math.QA/0611184v2
http://dx.doi.org/10.1007/s00023-006-0288-2
http://www.arxiv.org/abs/nlin.SI/0511067
http://dx.doi.org/10.1016/0550-3213(84)90469-3
http://www.arxiv.org/abs/hep-th/9407154
http://dx.doi.org/10.1016/0003-4916(86)90097-7
http://dx.doi.org/10.1007/BF01207363
http://dx.doi.org/10.1016/S0550-3213(97)00520-8
http://www.arxiv.org/abs/hep.th/9704074
http://dx.doi.org/10.1016/j.aim.2007.02.001
http://www.arxiv.org/abs/math.QA/0512500
http://www.arxiv.org/abs/0707.0955v1
http://dx.doi.org/10.1063/1.2007587
http://www.arxiv.org/abs/math.QA/0403246
http://dx.doi.org/10.1023/A:1007498022373
http://dx.doi.org/10.1007/BF01238562
http://dx.doi.org/10.1007/BF02098449

	1. Introduction
	2. Solutions of the non-constant rational SDRE
	3. The parametrization procedure for the elements of the SDRE
	3.1. Parametrization for the ACF rational constant matrices
	3.2. Parametrization for the ACF rational non-constant matrices

	4. A new set of structure matrices for the SDRE
	5. Conclusion
	Acknowledgments
	References

